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Abstract When a large blunt object penetrates into a
granular material, the force response exhibits an ini-
tial nonlinear relationship with depth that is widely
attributed to the formation of a shear jammed stag-
nant zone. We present an experimental study of a model
2D granular system that preserves common aspects of
slow granular penetration, such as a linear force law
for large depths, while also allowing for direct and pre-
cise measurement of a stagnant zone. We also probe
structural anisotropies throughout the bed and exam-
ine their characteristics inside and outside the stag-
nant zone. Finally, we simultaneously consider effects
of concave elongated particle shapes (dimers) and find
that while most results are not affected, the relationship
between local structure and strain suggests a distinct
fragility in the stagnant zone.
Keywords Penetration · Impact · Shear jamming ·
Particle shape
1 Introduction
We are honored to contribute to this special issue ded-
icated to the memory of Bob Behringer. For several
years, Bob studied impact and penetration into gran-
ular materials and other complex fluids [1,2,3,4,5,6,7,
8,9,10,11,12,13], as well as the dynamics and rigidity
of packings of particles that are elongated [14,15,16] or
interlocked [17]. Here we present new work lying at the
interface between these two topics.
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One of the most ubiquitous and longest studied pro-
cesses in the field of granular matter is the response of
the grains to a penetrating object [18,19,20,21]. The
impact process can dissipate the intruder’s kinetic en-
ergy [22,23,24,25,26,5,27,8,10] or be driven at con-
stant speed [3,28], and can even include an interstitial
fluid that introduces cohesion [29,30] and aspects of
shear thickening [12,31,32,33]. The implications of this
research broadly reach into disparate fields and applica-
tions, from growth of plant roots in soils [34,35,36,37],
to astrophysical impact cratering [38,39,40,2,41,42], to
robotic systems interacting with complex media [43,44,
45,46].
A common and crucial objective of these studies is
to model the resistive force that the grains exert on
the intruder [25]. In general there is rate-dependent in-
ertial drag plus a quasi-static force that increases with
depth and originates from gravity-loaded frictional con-
tacts [28]. The latter is of the form dF = −αµ(ρgz)dA
where µ is an internal friction coefficient equal to the
tangent of the repose angle, ρgz is the granular hydro-
static pressure at depth z, dA is an infinitesimal area
element pointing normal to the projectile surface, and α
is the proportionality constant, found to be α = 35± 5
[28]. The surprisingly large value of α may be due to the
mobilization of friction along force chains or the stag-
nant zone (next) that protrudes ahead of the projectile.
Another critical aspect of granular penetration in-
volves the development of a so-called stagnant zone.
As an object moves through a granular bed, a locally
jammed region tends to form directly in front of the
object [47,48]. For a vertically penetrating object with
a flat bottom, the stagnant zone manifests as a conical
region of constrained grains that acts like a plow into
the granular bed. This is thought to be an instance of
shear jamming [49], only occurring for frictional grains.
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Indeed, regions of low strain resembling stagnant zones
have been observed in quasi-2D experiments [45,50,51].
Recently, both the local friction force framework and
stagnant zone formation have been incorporated into a
force model inspired by Archimedes’ principle for buoy-
ant fluids [52]. Still, further experimental investigation
that can capture both the global force response and
stagnant zone formation is needed.
In this article, we describe a new study that exam-
ines a model 2D granular system under steady pene-
tration, in an environment that seeks to preserve as-
pects of penetration into 3D beds, while also allowing
for precise measurements of structure and motion. In
Sec. 2, we describe the materials and methods used in
this study. We also describe the granular systems we use
to vary particle shape, examining packings of particles
that are either circularly symmetric or concave elon-
gated. In Sec. 3, we summarize the primary findings of
this study. Namely, we examine the force response in
Sec. 3.1, stagnant zone detection in Sec. 3.2, and local
structure and its relationship to local strain in Sec. 3.3.
We close with a discussion of the results and prospects
for future study in Sec. 4.
2 Methods & Materials
To begin, we describe the experimental apparatus and
granular materials, as well as the basic analysis tools for
force readings and particle tracking. The tools used here
are derived from prior studies on uniaxial compression
of granular pillars [53,54,55,56].
2.1 Penetration Apparatus
The experimental apparatus consists of a table-top box,
27 in. x 23 in. (69 cm x 58 cm), with a translating
stage that moves along rotating rods and a dry acrylic
substrate. At the bottom of the box, a 3-sided rigid
frame is placed on the substrate, its bottom in con-
tact with a static bar. The inner width of the frame
is 18 in. and the side bars have a length of 5 in. The
lateral dimensions are chosen to avoid boundary effects
from the side bars [57,58]. Consideration of the bottom
boundary is discussed in detail in Sec. 3.2. A granular
material, described in full in Sec. 2.2, is randomly and
closely packed into the frame as a monolayer. Cable tie
heads are fixed to the bottom of the frame in order to
frustrate structural order and sliding motion along the
bottom of the packing.
The grains are driven by a penetrating object that
slides along the substrate, in contact with a suspended
horizontal bar carried on the translating stage. The in-
truding object, as shown in Fig. 1(a), is 3D printed
(Formlabs Form 2) using a photopolymer resin (Form-
labs FLGPCL03). The shape of the object is designed
to contain circular bumps that are 0.25 in. (6.4 mm) in
diameter, the same diameter as large circular grains in
the system, along three of the sides. The choice in this
design affords ease in tracking the intruder, characteriz-
ing strain and structure in the vicinity of the intruder,
and encouraging the formation of a stagnant zone as
the bottom row acts as ‘frozen’ grains. The bumps on
the side walls do not affect global force behavior, as the
contribution from frictional forces act normal to surface
elements of an intruding object, rather than tangen-
tially [28]. The bounding box dimensions of the intruder
are 4 in. x 2 in. x 0.75 in. (102 mm x 51 mm x 19 mm).
At the beginning of an experiment, after the grains are
packed into the frame, the flat side of the intruder is
placed on the substrate and in contact with the moving
bar. The stage, carrying the bar that pushes the in-
truder, is set into motion toward the granular material
with a speed of 0.0033 in./s (85 µm/s).
While the apparatus is active, force readings and
images are recorded. Two force sensors (Omega En-
gineering LCEB-5) are mounted onto the translating
stage, reading the force that, effectively, the intruder
feels. Meanwhile, a camera (JAI/Pulnix TM-4200CL)
mounted above the experimental apparatus images the
system from the top-down. Acquired images are 8-bit
and 4.2 megapixel (2048 x 2048) with a resolution of
77 pixels/in. (3 pixels/mm). While the full depth of
grains is imaged, the imaged width is roughly 13.25 in.
(34 cm). Force readings and images are acquired simul-
taneously at a rate of 8 Hz. Typical raw images cap-
tured during an experiment are shown in Fig. 1(b)-(d).
2.2 Granular Materials
The granular systems consist of dry bidisperse (1:1)
acetal (Delrin) rods. Large rods have a diameter, D,
of 0.25 in. (6.4 mm) and small rods have a diameter,
0.75D, of 0.1875 in. (4.8 mm), while both species have
a height of 0.75 in. (19 mm). The rods are placed on
the substrate standing upright, creating a model two-
dimensional (2D) granular system. Since the apparatus
rests on a table-top, gravity points into the substrate
so it does not play a role other than to set friction with
the substrate. When driven by the intruding object, the
rods slide along the substrate, with a friction coefficient
of 0.23± 0.01 [59].
The rods are used to study different shapes of par-
ticles. As individual, discrete rods, we refer to them as
monomers. We also study systems in which every rod
Stagnant Zone Formation in a 2D Bed of Circular and Elongated Grains under Penetration 3
(a)
(b)
(c)
(d)
Dp = 2 in. 
(50.8 mm)
Fig. 1 (a) Photograph of our custom 3D printed intruder.
The outer dimensions are 4 in. x 2 in. x 0.75 in. (102 mm
x 51 mm x 19 mm). The intruder design includes an array
of connected circular rods with diameter 0.25 in. (6.4 mm),
matching that of large monomers. The circular bumps are
tracked as if they are additional grains. The bottom row acts
as an array of ‘frozen’ grains that encourage the formation
of a stagnant zone. The bumps along the sides do not affect
the global force behavior. (b)-(d) Raw images captured dur-
ing penetration into a packing of monomers at depths of 0,
2D, and 4D, respectively, where D is the diameter of a large
monomer.
is adhesive-bonded with a like-sized partner, which we
refer to as dimers. This creates an elongated particle
shape, which can profoundly affect penetration defor-
mation in other disordered solids [60]. These specific
granular shapes have previously been studied in the
context of uniaxial compression [56]. While the 18 in.
width is explicitly held fixed, the initial ≈ 5 in. height
of the granular system is varied between trials, and es-
pecially between the two shapes. To keep the physi-
cal dimensions of the granular system consistent, we
also vary the total number of particles, N = 2000 for
monomers, and N = 1000 for dimers.
2.3 Force Analysis
As mentioned in Sec. 2.1, we record the force the in-
truder feels while sliding into the granular system, at
a rate of 8 Hz, using two force sensors mounted on the
translating stage. Since the intruder begins an experi-
ment well in front of the granular material, we subtract
the average initial signal in the two sensors, which cor-
responds to friction between the intruder and the sub-
strate. The digital readings are then converted to New-
tons using empirically measured calibration rates. For
this article, all force results are scaled by the friction
force on the average particle, µ〈m〉g, where µ is the fric-
tion coefficient between the acetal rods and the acrylic
substrate, 〈m〉 = (mL +mS)/2 is the average mass of
an individual rod, mL is the mass of a large rod, mS is
the mass of a small rod, and g is the acceleration due
to gravity. To suppress noise in the force reading, we
also apply Gaussian smoothing with a window size of 8
frames.
2.4 Image Analysis
In addition to measuring the global response of the
granular system through force measurements, we also
probe local structure response using image analysis and
particle tracking. For both monomers and dimers, we
track the tops of the circular rods, as well as the cir-
cular bumps on the intruder, using an edge detection
algorithm [59]. For this initial study, we simply analyze
motion of the circular rods and do not track discrete
dimer pairs as in Ref. [56]. The position coordinates
are also Gaussian smoothed, with a window size equal
to the the number frames it takes for the intruder to
move 2
15
R
vp
, where vp is the speed of the intruder and
R is the large rod radius. In addition to suppressing
noise, we also use Gaussian smoothing to estimate the
instantaneous velocity at each time frame.
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We also use particle tracks to characterize local struc-
ture and deformation. For every time frame, we parti-
tion the granular packing and intruder ‘particles’ into a
radical Voronoi tessellation, implemented in voro++ [61],
and then a Delaunay triangulation. In Sec. 3.2 and 3.3,
we describe how we use the Voronoi cells and triangles
to characterize local dynamics and structure.
3 Results
3.1 Force Response
We start with measurements of the force exerted on the
intruder by the granular packing. Across individual tri-
als, there is quite a bit of variation due to changes in the
local structure while grains rearrange and avalanche.
Fig. 2(a)-(b) shows force as a function of depth for in-
dividual trials of monomer and dimer packings. These
plots alone would not suggest the presence of an overall
force law.
However, a clear trend emerges when we average
over all trials, binning force measurements by depth.
Fig. 2(c) shows that both monomers and dimers ex-
hibit a linear trend over a range of depths. While the
curve for monomers remains consistently linear over the
full range of depths, we observe deviation and noise
in the dimer curve for depths beyond 4D. As we de-
scribe in Sec. 3.2, we attribute this deviation to bot-
tom boundary-influenced noise that has not been fully
averaged out.
Despite the absence of hydrostatic pressure, we ob-
serve that the penetrative force increases linearly with
depth. Under the guidelines of the local friction force
model, the force needed to activate grains at a partic-
ular depth is proportional to the hydrostatic pressure,
which varies linearly with depth. While this is absent in
our apparatus, a similar local force picture arises from
the sliding of grains that are above the current pene-
tration depth. The number of grains above the intruder
increases linearly, at the rate of the penetration speed,
so this explains the presence of a linear force curve.
Indeed, the two shapes appear to increase at similar
rates, under equal penetration speeds. The primary dif-
ferences between the shapes arises from the difference in
yield, which is substantially larger for dimers. This sug-
gests that while the long-term response for the shapes
is similar, stagnant zone formation is highly affected by
particle shape.
(a) Monomers, 5 trials (b) Dimers, 10 trials
(c) Average Force Curves
Monomers
Dimers
Fig. 2 Force response for individual trials of penetration into
(a) monomers, (b) dimers. We perform 5 trials with monomer
packings, 10 trials with dimer packings. (c) Average force
response of monomers and dimers, measured over all trials
taken for each shape. In all plots, force is scaled by µ〈m〉g,
where µ is the friction coefficient between the grains and sub-
strate, 〈m〉 = (mL + mS)/2 is the average rod mass, mL
is the large rod mass, mS is the small rod mass, and g is
the acceleration due to gravity. Depth is scaled by the large
monomer diameter, D.
3.2 Deviatoric Strain Rate & Stagnant Zone
While we do not measure forces between grains in this
apparatus, a close analogy to stress relaxation can be
measured in the form of local strain or deformation.
We quantify local strain over triangles obtained from
Delaunay triangulation, including triangles that have
constituent particles on the intruder. For a single tri-
angle, we take the velocity, v, of each member at the
vertices and obtain a local strain rate tensor e using the
constant strain triangle formalism [62],
(
vx(x, y)− vx,CM
vy(x, y)− vy,CM
)
=
(
e11 e12
e21 e22
)(
x
y
)
, (1)
where x and y are Cartesian coordinates relative to the
triangle centroid. From the empirical strain tensor e we
take its symmetric portion ε,
εij =
eij + eji
2
. (2)
Finally, we measure the deviatoric strain rate J2,
J2 =
1
2
√
(ε11 − ε22)2 + 4ε212. (3)
We use measurements of J2 to quantify the degree
to which local regions deform. As with measurements
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of max strain rate or velocity traces [45,50,51], J2 serves
as an indicator of the presence of a stagnant zone bounded
by shear bands. We also use J2 to assess the presence
of boundary effects in our system, especially due to
the bottom of the confining frame. We observe that,
for both monomers and dimers, a significant J2 signal
does not emerge at the apparatus bottom until pen-
etration depth exceeds 4D. In Fig. 2(c), the average
monomer force curve remains linear beyond this depth,
while the dimer curve becomes increasingly noisy. Thus,
to avoid boundary effects on local measurements, we re-
strict depths considered here and in Sec. 3.3 to within
D < z < 4D, after the linear force law has set in, but
before bottom boundary effects.
Fig. 3 shows trial- and time-averaged maps of J2
over Cartesian coordinates defined relative to the center
of the bottom of the intruder. We define this reference
point as the average position of intruder ‘particles’ in
the bottom row. For both shapes, there is a triangular
stagnant zone marked by low and sparse measurements
of J2. Further from the intruder we see a backward-
bending region of deformation, in line with character-
istic paths drawn in Ref. [52]. The extent of this region
is substantially smaller for monomers, Fig. 3(a), com-
pared to dimers, Fig. 3(b). Between these regions is a
shear band interface with high J2 that exhibits a similar
shape as the stagnant zone.
We qualitatively distinguish these regions by draw-
ing straight-line boundaries by hand. For both shapes,
we use triangles that are centered at the middle of the
intruder and have a fan angle of 90◦ (pi
2
rad). The theo-
retical model presented in Ref. [52] relates this fan angle
to the friction angle by means of a Mohr-Coulomb con-
struction. A 90◦ fan angle in the stagnant zone would
indicate grains with zero friction coefficient. Of course,
there is actually a nonzero friction coefficient between
the acetal surfaces of grains. However, the flat and highly
frictional substrate changes the local failure criteria.
Rather than requiring shear stress that overcomes fric-
tional contacts and gravitational loading, the grains are
primarily activated by overcoming static friction with
the substrate. Not only does this simple penetration ap-
paratus achieve a linear penetration force with a stag-
nant zone, but it also exhibits failure behavior that
could serve as an experimental model for effectively fric-
tionless particles.
3.3 Structure
Finally, we measure structural anisotropies throughout
the packing during penetration, and consider how they
relate to local strain. As in the previous section, we limit
-15 -10 -5 0 5 10 15
x/D
0
5
10
15
y
/D
(a) Monomers
J2 / (vp/R)
5
0
0.1
0.2
0.3
0.4
-15 -10 -5 0 5 10 15
x/D
0
5
10
15
y
/D
(b) Dimers
Fig. 3 Time-and trial-averaged spatial maps of J2 in pack-
ings of (a) monomers, (b) dimers over the depth range
D < z < 4D, restricted to an area in front of the intruder
(y/D < 15, |x|/D < 15). We define Cartesian coordinates
relative to the center of the bottom row of the intruder. The
triangle bounded by the inner lines is the stagnant zone. The
region between the inner and outer lines denotes locations of
shear bands. These lines are drawn by hand to isolate the re-
gion of high, localized J2 (shear band) and the region of low,
sparse J2 (stagnant zone).
our measurements to the depth range of D < z < 4D,
after a stagnant zone has fully formed.
Structural anisotropies can be studied using a num-
ber of different approaches, from free volume [63], to
Voronoi cell size and shape [64,65], to machine learn-
ing [53,66]. For this study, we focus on a quantity that,
like J2, is defined over Delaunay triangles. Specifically,
we measure the area-weighted divergence of the particle
center-to-Voronoi cell centroid vector field, Qk [55],
Qk = ∇ ·Ck
Ak
〈A〉
. (4)
By construction, the average Qk over an entire pack-
ing is zero. Positive values of Qk tend to correspond to
closely packed, or “overpacked,” regions, while negative
values correspond to void, or “underpacked,” regions.
Since the ‘intruder’ particles do not have well defined
Voronoi cells, we do not include triangles that contain
them. We also note that for both monomers and dimers,
as with J2, we define Qk using triangles that consist of
circular rods. In other words, we do not currently em-
ploy an approach that uses Voronoi cells surrounding
bonded dimers.
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Fig. 4 Distributions of Qk measurements taken within the
stagnant zone (closed circles) and shear band (open circles)
regions for packings of (a) monomers, (b) dimers. The dashed
lines are ideal Gaussian curves given the mean and variance
measured over −0.25 < Qk < 0.25. To mitigate boundary
effects, we only consider measurements taken over the depth
range from D < z < 4D.
We consider whether Qk illuminates distinct struc-
tural characteristics between the stagnant zone and shear
band regions identified in Fig. 3. This is motivated
by the ability of Qk to distinguish structural behav-
ior above and below jamming in simulated frictionless
systems [55]. Could a shear jammed region like the stag-
nant zone demonstrate similar structural signatures?
In Fig. 4, we show the distributions of Qk values
found within the stagnant zone and the shear band. In-
deed, for both shapes we observe distinct distributions
of Qk between the two regions. Specifically, the stag-
nant zone has a more narrow distribution of Qk com-
pared to the shear band. The width of aQk distribution,
quantified as the variance or standard deviation, is anal-
ogous to the inverse packing fraction. As expected, the
deforming shear band is more dilated than the shear
jammed stagnant zone. Moreover, the stagnant zone
distributions exhibit different widths for monomers and
dimers, indicating distinct packing fractions exhibiting
shear jamming that are shape-dependent.
Finally, we examine the relationship between struc-
ture and dynamics, as quantified by Qk and J2. In gen-
eral, an underpacked region (Qk < 0) is expected to
readily deform its open space, while an overpacked re-
gion (Qk > 0) is more constrained and generally less
(a) Monomers
shear 
band
stagnant 
zone
(b) Dimers
shear 
band
stagnant 
zone
Fig. 5 Average J2 measurements, as a function of corre-
sponding Qk, taken within the stagnant zone (closed cir-
cles) and shear band (open circles) regions for packings of (a)
monomers, (b) dimers. Error bars represent the standard er-
ror of the mean J2. To mitigate boundary effects, we only con-
sider measurements taken over the depth range D < z < 4D.
likely to deform, up until the point where Reynolds di-
latancy sets in. Fig. 5 shows the average relation be-
tween Qk and J2 for the two grain shapes, in the shear
band region and in the stagnant zone. Starting with
monomers, we indeed observe this general trend within
the shear band region, as well as a suppressed trend
in the stagnant zone. Of course, this is in line with
the stagnant zone exhibiting far fewer rearrangements
and deformations. However, the dimers exhibit a similar
relationship in both regions. This highlights a distinct
fragility in the stagnant zone for dimers, despite the ob-
servation that a similarly sized stagnant zone forms for
both shapes. In other words, the structure of circular
elements is less indicative of deformation.
4 Discussion
In this article, we presented an experimental study of
penetration into a 2D model granular bed made up
of either circularly symmetric monomers or concave
elongated dimers. The apparatus precludes hydrostatic
pressure which is present in most granular penetration
models. However, we still observe pertinent features of
granular penetration.
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First, we find a global force response that is linear
over a wide range of depths for the two shapes of grains.
The rate of force growth is similar for both shapes, with
dimers exhibiting a significantly stronger yield force.
This signals that a linear depth-dependent force law is
applicable in this system, despite the absence of hydro-
static pressure. Further study should elucidate better
understanding of how dimers build up a larger yield
force, including consideration of the effect of orientation
and alignment [56]. Moreover, individual runs exhibit
avalanches that could be better understood relative to
local rearrangements and structure.
Second, we directly observe a stagnant zone that
forms in front of the intruding object, bounded by local-
ized shear bands. The shape of the 2D stagnant zone is
triangular, as expected, but with a fan angle that sug-
gests that grain-grain interactions are effectively fric-
tionless. We believe this may be due to the presence of
a frictional substrate that is in flush contact with the
flat rod bottoms. This acts as the primary activating
interaction to overcome, rather than interparticle fric-
tion. To further explore other frictional effects, as well
as other modes of particle interactions, particle rafts
and highly frictional grains are worth investigating.
Finally, we directly probe local structure using a
threshold-free metric that quantifies under- and over-
packed regions. We find that the stagnant zone ex-
hibits characteristics in the Qk distribution that are
distinct from those in the surrounding shear band. We
also find the particles shapes exhibit unique relation-
ships between local structure and local strain within
the stagnant zone. While deviatoric strain rate, J2, is
suppressed over all Qk values in the stagnant zone for
monomers, dimers exhibit a clear negative correlation
between the two quantities. This further illuminates
distinct fragilities in the stagnant zones of the two shapes,
and beckons further study into other aspects of struc-
ture. In particular, one can consider the structure of
discrete dimer shapes, as well as the effects of elongated
shapes that are convex, such as ellipses.
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